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ABSTRACT
We discuss the idea of maximal jets introduced by Falcke & Biermann in 1995. According to it, the maximum possible jet power in its
internal energy equals the kinetic power in its rest mass. We show this result is incorrect because of an unfortunate algebraic mistake.
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1. Introduction
Relativistic jets are common in AGNs. They accrete black-hole
and neutron-star binaries, as well as γ-ray bursts, and occasion-
ally appear in tidal disruption events. Calculating their properties
is obviously of major importance.
We consider here a result of Falcke & Biermann (1995),
hereafter FB95. It claims that there is an upper limit to a compo-
nent of the jet power in its internal energy. This is an influential,
highly cited paper. Here, we correct one of its results.
2. Maximal jets
We follow here the notation of FB95. The jet power, Qjet, and
its mass flow rate, ˙Mjet, can be connected to the mass flow rate
through the accretion disc, ˙Mdisc, thereby defining two dimen-
sionless constants as in equation (1) of FB95:
qj =
Qjet
˙Mdiscc2
, qm =
˙Mjet
˙Mdisc
. (1)
The Bernoulli equation is obtained by dividing the equations of
energy and mass conservation. For a conservative jet with the
mass dominated by protons, it is given by equation (27) of FB95,
which can be expressed as
γjω
ntotmpc2
=
Qjet
˙Mjetc2
=
qj
qm
, (2)
where ω and ntot are the density of the enthalpy (including rest
mass) and of protons, respectively, and γj is the jet bulk Lorentz
factor. The enthalpy density for a polytropic gas with the adia-
batic index Γ is (as in equation 21 of FB95),
ω = mpntotc
2 + ΓPjet/(Γ − 1), (3)
where Pjet is the jet pressure. Equation (2) implies that the max-
imum possible bulk Lorentz factor, corresponding to the com-
plete conversion of the internal energy into the bulk motion,
is γj,max = qj/qm. The sound speed in the jet frame, βs =
(∂Pjet/∂ǫ)1/2, where ǫ is the internal energy density including the
rest mass, can be written using the first law of thermodynamics
(see, e.g., Königl (1980),
β2s =
ΓPjet
ω
< Γ − 1, (4)
which is equivalent to equation (23) of FB95, and where the up-
per limit to the sound speed corresponds to the gas being ex-
tremely relativistic, ω≫ mpntotc2. Equation (3) can be rewritten
as
ω
ntot
= mpc
2 +
ω
ntot
β2s
Γ − 1
, (5)
which has the solution of
ω
ntot
=
mpc
2
1 − β2s/(Γ − 1)
, (6)
or equivalently using equation (2),
γjqm
[
1
1 − β2s/(Γ − 1)
]
= qj. (7)
This equation yields the obvious result that the jet gas can be
highly relativistic, β2s → Γ − 1, only for qm/qj ≪ 1/γj, i.e., forjets with little relative matter content. On the other hand, βs = 0
corresponds to the jet with the maximum possible bulk Lorentz
factor, equal to γj,max, after a conversion of all of the internal
energy into bulk motion. We note that equation (6) is identical to
equation (A8) of Fukue (2004) except for the g00 metric factor
in the latter.
On the other hand, the version of our equation (7) in FB95,
their equation (28),
γjqm
(
1 +
β2s
Γ − 1
)
= qj, (8)
is incorrect because of an unfortunate error in the algebraic trans-
formation. A similar (incorrect) form of the Bernoulli equation
is also given in equation (1) of Falcke, Mannheim & Biermann
(1993). It appears that the origin of this error is the fact that
equation (8) is the non-relativistic limit of equation (7), and this
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would be true if the nonrelativistic form of the sound speed,
β2s = ΓPjet/(mpntotc2), is applied.
As noted by FB95, the maximum value (corresponding to
the maximum of β2s ) of the term in parentheses in equation (8)
is 2. Given that, equation (2) implies that the maximum possible
total enthalpy density is ω = 2ntotmpc2; i.e., the maximum inter-
nal enthalpy density equals ntotmpc2. Since the jet power equals
the enthalpy flux, this implies in turn that the maximum possi-
ble component of the jet power in its internal enthalpy equals
the jet kinetic power (i.e., in its rest mass). FB95 called this case
the “maximal jet”. However, since equation (8) is incorrect, this
theoretical concept is also incorrect. The correct form of equa-
tion (8) is given by equation (7), in which the term in brackets
can be arbitrarily large, implying no limit on the internal power,
hence no maximal jets. We also note that this maximum was
supposed to correspond to β2s = Γ − 1, i.e., an extremely rela-
tivistic gas, which is not the case for ω = 2ntotmpc2. This incor-
rect concept has been adopted in a large number of papers (e.g.,
Falcke 1996; Markoff, Falcke & Fender 2001; Markoff et al.
2003; Markoff & Nowak 2004; Markoff, Nowak & Wilms 2005;
Maitra et al. 2009; Plotkin et al. 2015). In particular, the formula
(8) for the maximal jet is one of the underlying assumptions of
the complex jet model of Markoff et al. (2005), which is widely
used to fit broad-band spectra of black-hole binaries and Sgr A*.
FB95 also considered equipartition between magnetic en-
ergy density, uB, and the particle internal energy density. If the
latter equals the rest mass energy density, we have the magneti-
zation parameter of σ ∼ 1/2, where
σ ≡
uB + pB
w
, (9)
and pB is the magnetic pressure. We note that the magnetic en-
thalpy, uB + pB, should be included in the Bernoulli equation.
This expresses how a jet can be accelerated at the expense of both
the magnetic energy and the internal particle energy. Approxi-
mately, maximal jets with equipartition correspond to σ ∼ 1/2.
This is similar to σ ≃ 1, up to which the magnetic-to-kinetic
energy conversion via differential collimation of poloidal mag-
netic surfaces is efficient (Tchekhovskoy, McKinney & Narayan
2009; Lyubarsky 2010; Komissarov 2011). However, jets can
have σ ≫ 1 initially, while blazar jets beyond radio cores
have the opening angles Θj ∼ (0.1–0.2)/γj (Jorstad et al. 2005;
Pushkarev et al. 2009; Clausen-Brown et al. 2013). Since σ ∼
(Θjγj)2 (Tchekhovskoy et al. 2009; Komissarov 2011). Some
processes should be able to decrease σ to values≪ 1.
3. Conclusion
We have clarified the issue of the existence of maximal jets, af-
ter correcting an algebraic error of FB95. We showed that the
maximal internal enthalpy density in jets is not limited by the
rest-mass energy density, and correspondingly, the internal jet
power is not limited by the (rest-mass) kinetic jet power.
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